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ABSTRACT 

In this paper the Fast Fourier Transform (FFT) method of data processing is developed 
for the dynamic viscoelastometer. The FFT method and also the time-dom~n method 
currently used for commercially available instruments are analysed and tested on a dynamic 
viscoelastometer made by the authors. The FFT method is better than the time-domain 
method in terms of data reproducibility and anti-disturbance, and it can be used to determine 
the dynamic mechanical frequency spectrum and nonlinear viscoelasticity. A displacement 
correction routine within the program is also given. 

INTRODUCTION 

Dynamic mechanical tests are very useful in studying the molecular 
motion of macromolecular materials. Such tests are sensitive to glass transi- 
tion, crystallinity, cross-linking, phase separation and so on [l]. They are 
therefore widely used in work on the theory and application of materials. 
Dynamic viscoelastometers are among the most commonly used dynamic 
mechanical testing instruments. Measurements using early instruments re- 
quired constant operator attention. In order to improve range, accuracy and 
convenience, the instruments were automated in the late seventies [2,3]. 
Commercial instruments using microprocessors have been constructed, but 
their data processing still relies upon the conventional time-domain method. 
In this paper the Fast Fourier Transform (FFT) is used for data processing 
in a dynamic viscoelastometer. It is confirmed that the FFT method has 
significant advantages over the time-domain method. 

* Paper presented at the Sino-Japanese Joint Symposium on Calorimetry and Thermal 
Analysis, Hangzhou, People’s Republic of China, 5-7 November 1986. 
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DYNAMIC MECHANfCAL TEST 

For macromolecular material, deformation response to applied force is 
partly elastic and partly viscous: 
viscoelasticity. If linear mechanical 
and a sinusoidal stretching stress is 

fin a(t) = a, sin wt = -sin ot 
S 

in other words, the material displays 
properties of the material are assumed 
exerted on the material 

(1) 
where 5’ is the cross-sectional area of the material, f, the magnitude of the 
applied force and w the angular frequency, its strain response will also be 
sinusoidal. Because of the viscoelasticity, the strain lags behind the stress 

e(t)=e,sin(wt--S)=+sin(wf-6) (2) 

where L is the length of the material, I, the magnitude of the displacement 
and S the phase shift between stress and strain. Therefore, the complex 
Young’s modulus of the macromolecular material is given by 

E= $$exp(j&)== I,??1 exp(jS)= Ii?1 cos 6 +j I E I sin S = E’ +jE” (3) 
m 

where the real part E’ is defined as the elastic modulus and represents the 
energy stored by the elastic deformation of the material, the imaginary part 
E” is defined as the loss modulus and represents the energy dissipated in 
heat and tan S is called the loss tangent, equal to E”/E’, and usually 
represents the dissipated energy or damping. From the measured spectra of 
I E 1, E’, E” and tan S vs. temperature or frequency, the molecular motion 

of macromolecular materials can be studied. 

DATA PROCESSING 

At present, the time-domain method of data processing is used in dy- 
namic viscoelastometers; that is, the time-domain displacement and applied 
force signals of the sample are directly used to calculate the dynamic 
viscoelasticity. This method is equivalent to evaluating the following in- 
tegrals 

(4) 

(5) 

IL= 
I 

v’wl(t) 
0 

dt - ~2~‘~~(~) dt = 4fmf, 

r/w QlEIS 

IF’= [‘mf(t) dt - lyf(t) dt = ;fm cos S 

IF”=~T’“f(t-&)dt-~f(t-~)dt=Qf, sin8 
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where 

fnlL l(t) = ,E,Ssin wt (7) 

is the displacement of the sample and 

f(t) =f, sin(wt+S) 

is the force applied. 

(8) 

Obviously the complex Young’s modulus can be calculated from the 
relations 

and 

tan 6 = 
IF” 

m 

(9) 

(10) 

APPLICATION OF FFT 

The data processing approach used in dynamic viscoelastometers is the 
time-domain method but the modulus measured is complex. A complex 
function of frequency can be obtained by utilizing the Fourier Transform 
(FT) of a function of time x(t) (0 < t < To) 

X(w) = /u’x( t) exp( --jot) dt (11) 

and X(w) is not only complex but also includes components of many 
frequencies. Provided the FTs of the displacement and applied force are 
performed, the complex modulus can also be obtained. The displacement 
and applied force can be expressed as 

fmL l(t) = ,E,Ssin w,t (12) 

and 

f(t)=f, sin(w,t+S) (13) 

respectively. Then the FTs of the displacement and force at w, are as 
follows 

F,[l(t)] = aexp( -j;) (14) 

and 

F,[f(t)] = $fm ew[ -j(: -a)] (15) 
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The complex Young’s modulus at w, can then be obtained from 

(16) 

This method can be used when the driving signal includes two frequencies 
or more. Since the discrete sequence of length-limited can be calculated and 
the time needed should be as short as possible using a computer, the Fast 
Fourier Transform [4] is used rather than eqn. (11). 

The FFT data processing method is obviously better than the time-do- 
main method and has some functions that the latter lacks. 

According to eqns. (4)-(6), the displacement of the sample and the 
applied force should be sinusoidal and there should be no error in the 
integral intervals: otherwise the results‘will be imprecise. The FFT method 
can effectively overcome the faults of the time-domain method. It can be 
used with non-sinusoidal driving signals and is good at resisting the static 
component and at uniting disturb~ce in the signals. The reason is that, 
after the FFT is performed, the components of different frequencies will 
occur at different locations in the spectrum; the frequencies of the dis- 
turbance and the static component are usually different from the frequency 
of the driving signal so that the results are still correct. Therefore, the 
reproducibility of the FFT method is better than that of the time-domain 
method. 

The variables f,, I,, cos S and sin S can be obtained by means of the 
electronic circuits in commercially available instruments but they are com- 
plex. If the time-domain method is utilized in a computer, that is, digital 
integrals are performed to calculate eqns. (4)-(6), the sampling frequency 
needed is high. It is more appropriate to utilize the FFT method in 
conjunction with a computer. If the FFT method is used, the sampling 
frequency needed is only twice as high as the highest frequency in the signal 
[4], the complex phase and ma~tude electronic circuits can be eliminated 
and the number of electronic components reduced, thus improving the 
reliability of the instrument. 

From the macromolecular physics involved it is known that measure- 
ments should be made over a wide range of both temperatures and frequen- 
cies [l] in order to exploit the full potentialities of dynamic mechanical tests. 
If the dynamic viscoelasticity-frequency spectrum is measured using the 
time-dom~n method, a complex scanning ultra-low-frequency generator and 
long measurement times are needed. If the driving signal includes many 
frequencies and the frequency spectrum analyses of both the displacement 
and the applied force are performed by FFT, the frequency spectrum can be 
determined quickly. 

In practice, the viscoelasticity of macromolecular material is actually 
nonlinear or the displacement of the material and the applied force are not 
sinusoidal at the same time. It is difficult to measure the nonlinear viscoelas- 
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ticity instrumentally by means of the time-domain method. Provided the 
FFT method is used, the magnitudes and phases of the displacement and 
applied force can be obtained at different points within the frequency 
spectrum. The nonlinear viscoelasticity of the sample may thus be conveni- 
ently measured so that it can be further studied. 

INSTRUMENTATION 

A dynamic viscoelastometer was made by us and a block diagram is 
shown in Fig. 1. 

The temperature of the furnace is controlled by means of a programming 
temperature controller. The driving signal is produced by a program in the 
computer and converted into the driving force by the digital-to-analogue 
(D/A) converter, driving power amplifier and electromagnetic driver in 
order to improve stability and to make it possible to generate non-sinusoidal 
waveforms. The displacement of the sample is produced by the applied 
force. The displacement and force are converted into voltages by the 
respective detectors. Each voltage is amplified and filtered by the amplifier 
and band-pass filter and converted into digital form by the analogue-to-dig- 
ital (A/D) converter. The sampled displacement and applied force signals 
are stored on the floppy disk of the computer. Next, the sampled data are 
transferred into memory and the results are calculated in turn by the FFT 

Fig. 1. Block diagram of the instrument: B.P.F., band-pass filter; A/D, 
converter; D/A, digital-to-analogue converter. 

analogue -to -digital 
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and time-domain method programs so that the two methods can be com- 
pared. 

In the FFT program, the digital smoothing, Hamming weighting and FFT 
of the displacement and applied force are performed [4,5] and the complex 
Young’s modulus is calculated from 

where 1 F [ f( t )] 1 exp( $9,) is the FFT of the applied force, ( F [ l( t )] ( exp( ~8,) 
is the FFT of the displacement and subscript i denotes the frequency i. 

In the time-domain program, the zero points of the displacement, t = 0, 
n-/w, 277/w, are sought as the integral intervals and then eqns. (4)-(10) are 
calculated. 

Since the additional displacement of the apparatus itself is included in the 
detected displacement, the displacement must be corrected or the modulus 
and loss angle will be incorrect [6]. The displacement-correction system may 
be composed of electronic circuits, but the phase-shift circuit is in the system 
and its phase shift is relative to the frequency. The system cannot be used 
when the driving signal includes two or more frequencies. A suitable 
correction system has been incorporated in the program and a block 
diagram is shown in Fig. 2. 

In order to correct the displacement exactly, the following equations can 
be obtained 

e, = 8, 08) 
and 

K,K, = KfKc (19) 

Because of the location of the phase corrector, the additional phase shift is 

r 
L -Q’ 6 

IEIS 

F [I(t )] 

I__----_J 

Fig. 2. Block diagram of the displacement correction system: f(r), applied sinusoidal force; 
I(t). displacement of sample; K,, additional displacement coefficient of apparatus; K,f(r), 
additional displacement; K, and exp(jB,), coefficient and phase shift from force detector to 
FFT: K,, coefficient from displacement detector to FFT; SC, correcting phase angle; K,, 
cnrrecting displacement coefficient; subscripts UC denote uncorrected and c corrected. 
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rectified when the displacement is corrected. 0, and K, can be obtained 
from F[f,,(t)] and F[l,,(t)] in the experiment. 

This system can be used when the driving signal includes many frequen- 
cies and &[f,,,( t)] and &[l,,( t)] (i = 1, 2,. . . , n) can be rectified by means 
of the phase shifters exp( -j&,) and displacement correctors Kci (i = 1, 
2 ,*-*, n)* 

Using a sinusoidal driving signal at 3 Hz, PMMA was tested on this 
correction system with good results. 

EXPERIMENTAL 

Using a sinusoidal driving signal at 3 Hz and a furnace heating rate of 
1.5OC mm-‘, PVC film, PMMA and PET film were tested on the instru- 
ment made by the authors. 

The experimental results for the PVC film were as follows. The peak 
temperatures (those at maximum damping) measured by the two methods 
are listed in Table 1 and the temperature spectra are shown in Figs. 3 and 4. 
This film was successively tested ten times at room temperature and the 
mean square deviations of the modulus and loss angle are listed in Table 2. 
In addition, the mean square deviations were calculated from the peak 
temperatures: that of the FFT method was 0.71°C and that of the time- 
domain method 1.03’ C. 

It has been experimentally confirmed that the spectrum measured by the 
FFT method is compatible with that obtained using the time-domain 
method; the average deviation of the peak temperatures determined by the 
two methods was only 1” C and the reproducibility of the FFT method is 
better than that of the time-domain method. 

TABLE 1 

Peak temperatures of PVC 

No. Sample size 

(mm) 

Displacement 
(X103 mm) 

Temperature ( o C) a 

FFT Time-domain 

48 x6x0.23 12.67 62.2 61.5 
48.5 x 6 x 0.23 7.31 64.0 64.7 
48.5 x 6 x 0.23 5.65 61.6 63.0 
49 x6x0.23 6.25 61.9 63.1 
49 x6x0.23 6.95 61.7 63.9 
48.5 x 6 x 0.23 6.65 61.9 62.0 
49 x6x0.23 7.18 62.2 62.4 
49 x6x0.23 7.06 62.0 62.0 
48.5 x 6 x 0.23 7.18 62.2 62.1 

a Obtained by interpolation. 
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Fig. 3. Spectrum obtained using the FFT method (No. 6). 

Fig. 4. Spectrum obtained using the time-domain method (No. 6). 
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TABLE 2 

Mean square deviation of 1 E ) and S 

Method oIEi (dyn cme2) 0s (rad) 

FFT 1.12 x 10s 0.0030 
Time-domain 5.29 x 10’ 0.0066 

In order to compare the anti-disturbance ability of the two methods, a 
simulative calculation was made. When the frequency of the driving signal 
was 40 Hz, that of the sinusoidal disturbance was 50 Hz and its magnitude 
was 20% of that of the driving signal; the modulus error of the FFT method 
was only 0.5% of that of the time-domain method and the loss angle error 
was only 6.1%. It has therefore been demonstrated that the FFT method is 
good at anti-disturbance. 

CONCLUSIONS 

It has been shown that FFT can be used with the dynamic viscoelastome- 
ter. The dynamic mechanical spectrum measured by the FFT method is 
compatible with that obtained using the time-domain method. The FFT 
method is better than the time-domain method in terms of reproducibility 
and anti-disturbance. If the FFT method is used, the number of parts can be 
reduced and the instruments made more reliable. The FFT method may be 
used for determining the dynamic mechanical frequency spectrum and 
nonlinear viscoelasticity, but it is relatively difficult to use the time-domain 
method for the same purposes. 

REFERENCES 

L.E. Nielsen, Mechanical Properties of Polymers, Reinhold, New York, 1962, p. 139. 
AS. Kenyon, W.A. Grote, D.A. Wallace and McC. Rayford. J. Macromol. Sci. Phys., 13 
(1977) 553. 
A.F. Yee and M.T. Takemori, J. Appl. Polym. Sci., 21 (1977) 2597. 
E.O. Brigham, The Fast Fourier Transform, Prentice-Hall, Englewood Cliffs, NJ, 1974, pp. 
80-87, 140-146, 148-169. 
D.F. Elliot and K.R. Rao, Fast Transforms: Algorithms, Analyses, Applications, Academic 
Press, New York, 1982, pp. 214-215. 
A.R. Wedgewood and J.C. Seferis, Polymer (UK), 22 (1981) 966. 


